ABSTRACT. The aim of this paper is to report in a short and self-contained way on the properties of compactoid and countably compactoid filters. We apply them to some questions in both topology and analysis such as the generation an extension of usco maps, the study of some properties of -analytic spaces and the study of bounds for the weight of compact sets in spaces obtained through inductive operations.
INTRODUCTION
All our topologies, hence all our topological spaces, are assumed to be Hausdorff. We use the concept of filter, filter base, ultrafilter, net and subnet as introduced in [10, pp. 76-77] and [19, p. 65] . A filter in a topological space is said to be compactoid if every finer ultrafilter converges -see definition 1 below and [24, 8] for historical references. Compactoid filters generalize both convergent filters and compact sets. Compactoid filters have been widely applied in optimization, generalized differentiation, existence of upper semi-continuous compact-valued maps, etc. -see, for instance, [24, 8, 9, 21, 5] and the references therein. Sometimes compactoid filters have been taken to the general setting of pre-topologies and pseudo-topologies, [8] . Some other times, in some literature, results about filters in topological spaces, and their applications, have been presented without being aware that they were actually known results about compactoid filters.
We start in section 2 by gathering equivalent notions to the one of compactoid filter, theorem 2.1. The procedure to produce compactoid filters is standard as recalled in example 1 where we highlight a construction that appears in integration of functions with values in Banach spaces. A countably based filter which is compactoid for a given topology is still compactoid for any topology agreeing with the given one on compact sets, proposition 2.3. This last fact is not true for non countably based compactoid filters, example 2. A widely applicable characterization through sequences for a countable based filter to be compactoid is given in theorem 2.5.
The rest of the paper, organized in three more sections, is a batch of applications. Theorem 3.1 provides a simultaneous generation and extension result for usco maps, also involving minimality, that gathers and extends previous results in [5, 9] and [21] ; a natural application is corollary 3.2 that relates minimal usco maps and continuous selectors; the natural application then is the characterization of spaces in Stegall class The notion of compactoid filter as in (i) above appeared, amongst others, in [24, 8] . The notion of filter 8 that subconverges to ¦ as in (ii) appeared in [24] , [8] -with the terms For compactoid filters the cluster sets are not empty. Much more is true. We collect first a number of properties spread out in the literature, [24, 8, 9] , and show the equivalence between them. 
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We have learnt two different things so far: (a) general compactoid filters and countably based compactoid filters can behave quite differently -proposition 2.3 and example 2; (b) sequences are enough to describe subconvergence to a compact set of countably based filters -corollary 2.2. We take our discussion about compactoid filters a step further: we pay attention now to properties determined by sequences. is countably compact.
Kind of counterpart to theorem 2.1 but with the countable notions is the result that follows. The assumption we impose on ¢ is not very restrictive -see the applications in the subsequent sections-when compared, for instance, with the advantages of checking that a countable filter base is compactoid provided (iv) below holds. , that finishes the implication (iv) (v), is similar to the last part of the proof in corollary 2.2. (v) (i) is clear because q 9
which is compact. The implications (i) (vi) and (vi) (iii), that finish the proof, are, respectively, the implication (i) (vi) and a particular case of (vi) (iv) in theorem 2.1. 
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, where the latter inclusion holds since is usco. . Choose is relatively compact. Therefore we have proved (8) (11) . The implication (11) (10) clearly holds without extra assumptions, and the last part of theorem 3.1 contains the proof for (10) (8) For a good compendium about Stegall classes we refer the interested reader to [11] . We know that the result below, that directly follows from corollary 3.2, is known and easy. However it is difficult to find a published reference for it -see hand written lecture notes [22] . -analytic spaces is [15] . A Banach space that is ¢ -analytic for its weak topology will be referred as weakly ¢ -analytic, see [28] .
Let us prove now (i), (ii) and (iii). If
All the results below about 
is relatively compact in The corollary below gathers Choquet's Theorem saying that a metrizable ¢ -analytic space is analytic, see [7] and Talagrand's improvement saying that a ¢ -analytic space with a coarser metrizable topology is analytic, see [27] . is also analytic and we are done.
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As said in the introduction the question whether a ¢ -analytic space with metrizable compacta has to be analytic is known to be undecidable, see [13] . It is also shown in [25] that it is undecidable whether a closed linear subspace of an ¦ space with separable weakly compact subsets is itself separable. Observe: a) closed linear subspaces of ¦ are weakly ¢ -analytic, [28] ; b) separable weakly compact sets of weakly ¢ -analytic spaces are weakly metrizable, [28] ; c) separable Banach spaces are weakly analytic.
The assumption required for the function § in (13) appears quite naturally. It has been used in [14] , to be precise in the Lemma and Proposition 2 of this paper that led to one of the main results there. Condition (13) 
We stress again that the results in this section, in particular corollary 4.5, remain true when K-analytic spaces are replaced by K-countably determined. Recall that for a Kcountably determined space ¡ , the space w 9 ¡ ¤ x 9 ¡ x is also angelic, [23] . We refer the reader [1, Chapter IV. Section . Now, we define the multi-valued map 
